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$s$ $s=\sigma+it$ . $q$ Dirichlet \mbox{\boldmath $\chi$} ,
Dirichlet $L$ $L(s, \chi)$ . $L(s, \chi)$ critical line, $\sigma=1/2$
, Montgomery
. Montgomery [10]
$\sum_{\chi}^{*}\int_{-}^{T}T(|L(\sigma+it, x)|4dt\ll\phi(q)\tau(\log qT))4$ (1)
$T\geq 2$ $T$ $q$ 1/2–1/ $\log(qT)\leq\sigma\leq 1/2+1/\log(qT)$ $\sigma$ –
. , $\phi$ Euler $\sum^{*}\chi$ $q$
. , Lavrik [9] Dirichlet $L$
(1) Dirichlet
. Montgomery [10] chapter 10 . (1) $L^{2}(s, \chi)$
. $L^{2}(s, \chi)$ $d(n)$ $\sigma>1$
$L^{2}(s, x)=n1 \sum_{=}\frac{\chi(n)d(n)}{n^{s}}\infty$
.
$k$ $h$ $k$ . $e(x)=\exp(2\pi ix)$ . Estermann
$\sigma>1$
$E(s;h/k)= \sum_{=n1}^{\infty}e(\frac{hn}{k})\frac{d(n)}{n^{s}}$
. $\mathrm{E}\mathrm{s}\{\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}[1]$ , $E(s;h/k)$ $s=1$ 2
,
$( \frac{2\pi}{k})^{-s}\Gamma(S)E(s;h/k)=(\frac{2\pi}{k})^{s-1}\Gamma(1-S)$
$\cross\{\frac{E(1-s,\overline{h}/k)}{\sin(\pi s)}.-\frac{\cos(\pi s)}{\sin(\pi s)}E(1-s;-\overline{h}/k)\}$
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. , $\overline{h}$ $h\overline{h}$ $\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} k)$ .
Estermann , Jutila [4] [5], Kiuchi [8]
. , $s=0$ Ishibashi [3]
. Jutila and Motohashi [6] , Estermann
.
, .
Theorem 1 $A>49$ . , $k$ –
$\sum_{h=1}^{k}*\int_{-}1T,\tau]-[-A,A]|E(1/2+it;h/k)|^{2}dt\ll kT(\log(kT))^{4}$ , $Tarrow\infty$ ,
. $\Sigma^{*k}h=1$ $k$ $h$ .
, Dirichlet $L$ (1) .
Theorem 1 , $E(s;h/k)$ .
Good [2] $\langle$ . Good [2] cusp form $L$
, . Good $L$
, [7] twist $L$
. , $E(s;h/k)$ Good , .





$\varphi(\rho)$ $[0, \infty)$ $C^{\infty}$ , , $0\leq\rho\leq 1/2$ $\varphi(\rho)=1$
, $\rho\geq 2$ $\varphi(\rho)=0$ . $\varphi$ $\mathcal{K}$
. $\varphi_{0}(\rho)=1-\varphi(1/\rho)$ $\varphi_{0}$ $\mathcal{K}$ . \mbox{\boldmath $\varphi$}( $\varphi$ $j$
. $T>0$ , $t$ # $C$ $|t|>C$ , $j=0,1,2,$ $\ldots$
$j^{2}<|t|$ . $\tau,$ $t,$ $j$ \mbox{\boldmath $\gamma$}l,’(s, $\tau$), $\gamma_{2,j}(s, \tau)$
$\gamma_{1,j}(_{S,\mathcal{T}})=\frac{1}{2\pi i}\int_{f}\frac{g(s+w)\mathrm{r}(S+w)}{g(s)\Gamma(S)}\frac{\tau^{w}\mathrm{e}\mathrm{x}\mathrm{p}.(-i\frac{\pi}{2}w\mathrm{s}\mathrm{g}\mathrm{n}(t))}{w\cdot\cdot(w+j)}dw$
$\gamma_{2,j}(S, T)=\frac{1}{2\pi i}\frac{\sin(\pi s)}{\cos(\pi s)}\int_{\tau^{\frac{g(1-s-w)\Gamma(_{\dot{S}+w)}}{g(1-S)\Gamma(S)}\frac{\cos(\pi(_{S+}w))}{\sin(\pi(s+w))}\frac{\tau^{w}\mathrm{e}\mathrm{x}\mathrm{p}.(-i\frac{\pi}{2}w\mathrm{s}\mathrm{g}\mathrm{n}(t))}{w\cdot\cdot(w+j)}}}dw$
. , $g(s)=(s+1)s(s-1)^{2}$ , sgn(t)=t/ , $F$ $|w|=\sqrt{|t|}$
.
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Good , $E(s;h/k)$ .
Theorem 21 $l\geq 7$ . $0\leq\sigma\leq 1,$ $|t|>l^{2}$ $y=k|t|/(2\pi)$
, $\varphi\in \mathcal{K}$
$E(s;h/k)= \sum_{n\leq 2y}e(\frac{hn}{k})\frac{d(n)}{n^{s}}\sum_{0j=}^{l}\varphi^{(j)}(\frac{n}{y})(-\frac{n}{y})^{j}\gamma_{1},j(_{S,|t}|^{-1})$
$-( \frac{2\pi}{k})^{2_{S}}-1\frac{\Gamma(1-S)}{\Gamma(s)}\frac{\cos(\pi s)}{\sin(\pi S)}n\leq 2y\sum e(\frac{-\overline{h}n}{k})\frac{d(n)}{n^{1-s}}$
$\cross\sum_{0j=}^{l}\varphi_{0}(j)(\frac{n}{y})\gamma_{2,j}(1-S, |t|^{-1})$
$+( \frac{2\pi}{k})^{2S}-1\frac{\Gamma(1-s)}{\Gamma(s)}\frac{1}{\sin(\pi S)}\sum_{n\leq 2y}e(\frac{\overline{h}n}{k})\frac{d(n)}{n^{1-s}}\varphi_{0}.(\frac{n}{y}\mathrm{I}$
$+R(s)$
, $\sigma$ $k$ –






(b) $0\leq\sigma\leq 1$ $\sigma$ –
$\gamma_{a,j}(S, |t|^{-1})\ll\{$
$|t|^{-}(j+1)/2$ for odd $j$ ,
$|t|^{-j/2}$ for even $j$
.
Theorem 2 , corollary
.
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Corollary 1 $0\leq\sigma\underline{<}1,$ $|t|>49$ $y=k|l|/(2\pi)$ . $\varphi\in \mathcal{K}$
$E(s;h/k)= \sum_{n\leq 2y}e(\frac{hn}{k})\frac{d(n)}{n^{s}}\varphi(\frac{n}{y})$
$-( \frac{2\pi}{k})^{2s-1}\frac{\Gamma(1-S)}{\Gamma(s)}\frac{\cos(\pi s)}{\sin(\pi s)}n\leq 2y\sum e(\frac{-\overline{h}n}{k})\frac{d(n)}{n^{1-s}}\varphi_{0}(\frac{n}{y})$
$+( \frac{2\pi}{k})^{2s}-1\frac{\Gamma(1-s)}{\Gamma(s)}\frac{1}{\sin(\pi s)}n\leq 2y\sum e(\frac{\overline{h}n}{k})\frac{d(n)}{n^{1-S}}\varphi_{0}(\frac{n}{y})$
$+F(s)$
, $\sigma$ $k$ –
$\sum_{h=1}^{k}*|F(S)|^{2}\ll k|t|^{-11-2\sigma}y(\log y)^{3}$, $|t|arrow\infty$ ,
.
Corollary 1 3 , $1/\sin(\pi s)$ ,
order . , Corollary 1 $s$ $1/2+it$
corollary .
Corollary 2 $|t|>49$ . $\kappa=2\pi/k$ . $\varphi\in \mathcal{K}$
$E(1/2+it;h/k)=n \leq 2|t\sum_{|/\kappa}e(\frac{hn}{k})\frac{d(n)}{n^{1/2+it}}\varphi(\frac{\kappa n}{|t|})$
$. \wedge^{\vee}+_{i}\kappa^{2i}\frac{\Gamma(1/2-ii)}{\Gamma(1/2+il)}t\frac{\sinh(\pi t)}{\mathrm{c}\mathrm{o}\dot{\mathrm{s}}\mathrm{h}(\pi t)}\leq 2\sum_{n|t|/\kappa}e(\frac{-\overline{h}n}{k})\frac{d(n)}{n^{1/2-it}}\varphi_{0}(\frac{\kappa n}{|t|})$
$+G(1/2+it)$
, $k$ –
$\sum_{h=!}^{k}*.|G(1/2+it)|^{2}\ll k|t|^{-1}(\log(k|t|))^{4}$ , $|t|arrow\infty$ ,
.
, Good : – ,
. , $\varphi,$ $\varphi 0$ $|t|$ order
. Corollary 2 $G(1/2+it)$ $|t|$
order . , , ,
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. Theorem 2 $\sum^{*k}h=1|R(s)|^{2}$ k-
– .
Corollary 2 Theorem 1 Dirichlet .
\mbox{\boldmath $\varphi$} lemma ( [7]
) Theorem 1 .
Remark 1997 11 ,
, , $k$ Theorem
1 (1) Riemann ( ($(s)$ 4 ,
. , $P$ $W(\chi)$ Gauss




. $k$ – , (2) $E(s;h/k)$
, Theorem 1 .
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